We present a new method to construct an internally consistent thermodynamic model using a compilation of high-pressure melting experiments. The steepest descent method and Monte Carlo sampling are combined to constrain all model parameters simultaneously instead of determining each parameter sequentially from relevant experiments. Our approach is applied to the published melting experiments on mantle materials to obtain the thermodynamic parameters of the MgO-FeO-SiO 2 ternary system. Inversion with the subsets of experimental data is conducted as well to investigate the source of discrepancy among existing studies, and the key parameters are found to be the thermal expansivity of SiO 2 and the excess volume of mixing between MgO and SiO 2 . Mixing between FeO and SiO 2 is only constrained with large uncertainty, which could also imply that oxides with low concentrations have minimal effects on melting. Constraining the thermodynamics of MgO and SiO 2 will be important for a better understanding of mantle melting at high pressures.
Introduction
Terrestrial planets as large as the Earth are generally believed to have experienced multiple episodes of global-scale melting during their formation history by accretionary impacts, the release of gravitational energy, and radiogenic heat (e.g., Warren, 1985; Stevenson, 1987; Halliday et al., 2001; Elkins-Tanton, 2012) . The existence of a magma ocean on the early Earth, in particular, is proposed by a number of theoretical studies, and the whole mantle could have been molten after the so-called Moon-forming giant impact (e.g., Matsui & Abe, 1986; Tonks & Melosh, 1993; Canup & Asphaug, 2001; Nakajima & Stevenson, 2015) . The mode of magma ocean solidification has strong influences on the subsequent evolution, including crustal formation and the distribution of volatiles and incompatible elements. A good understanding of the thermodynamics of mantle melting is thus essential when considering how the putative magma ocean could have solidified, but it remains controversial at high pressures.
Our understanding of mantle melting also affects the interpretation of geochemical data pertinent to a model of core formation. The abundance of siderophile elements in the mantle is considered to reflect the history of temperature, pressure, and oxidation state at the base of the magma ocean, and if early experimental studies on mantle melting (Zerr et al., 1998; Tronnes & Frost, 2002) are used, it would point to the possibility that the Earth's mantle became more oxidized with time (Wade & Wood, 2005) . This is theoretically consistent with late-stage accreting bodies being more oxidized (Rubie et al., 2015) . The study by Fiquet et al. (2010) , however, indicates higher melting temperature than previous studies, and if this is the case, the progressive oxidation of the mantle may not be necessary to explain the abundance of siderophile elements. Moreover, the melting temperature of the mantle can be even higher if fractional crystallization occurs in a magma ocean. An accurate knowledge of mantle melting is thus important not only for solving the evolution of a magma ocean but also for creating models of core formation and planetary accretion.
Several melting curves of mantle materials have been suggested based on high-pressure melting experiments (e.g., Zerr & Boehler, 1993; Fischer & Campbell, 2010; Fiquet et al., 2010; Andrault et al., 2011 Andrault et al., , 2014 Deng & Lee, 2017) . Recently, melting curves at lower-mantle pressures are suggested to have a smaller slope than previously thought, indicating that the solidification can start from the midmantle region (Mosenfelder et al., 2009 ). This contrasts with the conventional view that a magma ocean solidifies from the bottom In this study, we propose a new inversion scheme to determine all parameters regarding both end-members and mixing simultaneously, using a compilation of high-pressure melting experiments, which is applied to create a model of the MgO-FeO-SiO 2 ternary system. Over 90 wt% of the Earth's mantle is composed of these three components, and understanding this ternary system is a major step toward a more comprehensive model. Some of the parameters have already been estimated in existing studies, but results from experiments and molecular dynamic simulations are often associated with large uncertainties at high pressures. Therefore, instead of adopting existing estimates, all parameters are determined from our inversion scheme in an internally consistent manner. This will enable us to investigate how well melting experiments alone can constrain thermodynamic parameters. We will apply our method to the entire data set as well as some subsets of the data set, to better understand the origin of discrepancies among existing studies. Our inversion scheme fully quantifies the uncertainties of thermodynamic parameters, which can be used to identify any inconsistency among experiments. The paper is organized as follows. We first describe the formulation of chemical potentials adopted for liquid end-members. The formulation of our inversion scheme then follows. The estimated thermodynamic parameters are presented, with the corresponding phase diagrams and density profiles of mantle materials. Differences between our results and relevant previous studies (e.g., Andrault et al., 2011; Nomura et al., 2011; Boukaré et al., 2015) are also discussed. In our companion paper (Miyazaki & Korenaga, 2019) , we will employ the obtained set of thermodynamic parameters to investigate the evolution of a magma ocean. When modeling a solidifying magma ocean where a liquid composition could evolve with possible chemical stratification, the use of such a self-consistent thermodynamic database will become essential.
Method
Our approach is to estimate thermodynamic parameters by comparing predicted melting temperatures directly with the results of multicomponent melting experiments. When calculating a melting temperature based on a thermodynamic model, the Gibbs free-energy minimization is required, which means that melting temperatures cannot be described as an explicit function of thermodynamic parameters. We employ a Monte Carlo method to constrain acceptable ranges of thermodynamic parameters. The results of the Monte Carlo sampling can be used to compute the mean and covariance of thermodynamic parameters.
In this study, we apply our method to determine the Gibbs free energy of liquids in the MgO-FeO-SiO 2 ternary system, although this approach is applicable to liquid systems with more components. The free energy of the liquid ternary system is parameterized as a function of 14 thermodynamic constants, eight of which are related to end-member liquids and the rest of which are their mixing properties. Each set of parameters has its corresponding misfit between the modeled melting temperatures and the experimental ones, and our goal is to efficiently explore the parameter space that has small misfits. The detailed description of each step, including the calculation of melting temperatures, is given below. Chondritic PM Andrault et al. (2011) Solidus: 34, 62, 82, 108, 140 Liquidus: 42, 70, 85, 110, 141 Note. Pressures in the parentheses denote molecular dynamics simulations. The melting curves of MgO and FeO are used to specify the melting temperature T m in equation (2), whereas the others are adopted to evaluate the cost function (equation (14)). When modeling the melting temperatures of peridotite and chondritic primitive mantle (PM), the effects of trace elements are ignored, and the ternary compositions of MgO: 44.6 wt%, FeO: 7.8 wt%, and SiO 2 : 47.5 wt% and MgO: 37.7 wt%, FeO: 9.1 wt%, and SiO 2 : 53.2 wt% are used instead.
Gibbs Free Energy of the Ternary System
We first describe the formulation of the Gibbs free energy of the MgO-FeO-SiO 2 ternary system. For solid components, the published database by Stixrude and Lithgow-Bertelloni (2011) is employed to describe their chemical potentials. This study focuses on melting under lower mantle conditions, so bridgmanite and ferropericlase are considered for Mg-and Fe-bearing species and stishovite and serifertite for pure SiO 2 species. Liquid in this system is represented as a mixture of three end-member components, MgO, FeO, and SiO 2 , and the nonideal contribution of their mixing is described using a regular symmetric solution model. The chemical potential of end-member liquid component i,
, is given by
where the superscript 0 denotes standard state, R is the universal gas constant, T is absolute temperature, and x l i and i , respectively, denote the molar ratio and activity coefficient of component i in the liquid phase. We aim to parameterize standard-state chemical potentials, , is set to be equal to that of corresponding solid,
, at melting temperature, T m . Melting temperature is obtained from experiments listed in Table 1 . Melting temperatures in between the measurements are interpolated using cubic spline. By integration of the entropy change upon melting, ΔS i , the chemical potential of liquid component i at any given temperature can be calculated as
The entropy change upon melting is usually a weak function of temperature (e.g., JANAF Thermochemical Table) , and therefore, it may be parametrized as a function of pressure only:
This equation assumes that the entropy change upon melting decreases exponentially with increasing pressure, where the extent of decrease at P 1 is described by A i . The entropy change at ambient pressure, ΔS 
where V is molar volume, S is molar entropy, and T m,0 is the melting temperature of quartz at the ambient pressure, P atm . As a reference point, T m,0 and P atm are used, and the liquid chemical potential at this point is set to match the chemical potential of quartz. Molar volume at the reference temperature V(T m,0 , P) is described with the Murnaghan equation of state (Murnaghan, 1951) as
where K 0 denotes the bulk modulus, and
is its pressure derivative. The reference molar volume, V 0 , is taken to match the molar volume at the reference point. Entropy is obtained by integrating its temperature and pressure derivatives:
where S 0 is the entropy at the reference point, which is taken from the JANAF database. The numerator of the second term on the right-hand side represents heat capacity, which is assumed to increase exponentially with temperature. Heat capacity is described using three parameters: the reference value, C 0 , its temperature dependence, C 1 , and the exponent, n. A theoretical study has suggested that the exponent may be negative with a value of n = −0.4 for dense, simple liquid (Rosenfeld & Tarazona, 1998) , but first principle calculations indicate that such a relation does not hold for most melt of mantle-composing minerals ). For simplicity, some previous studies have assumed a linear model (Boukaré et al., 2015) , although the temperature dependence of heat capacity is likely to become smaller at higher temperatures. In this study, we will test two different values of n, 0.5 and 1. Thermal expansivity, , changes with pressure as
where T denotes the Anderson-Grüneisen parameter. This equation assumes that T is independent of temperature and pressure, which is valid at least for solids (Anderson, 1995) . Equations (4)- (7) fully describe the standard-state chemical potential of SiO 2 liquid.
Lastly, the activity coefficients are described with the Margules parameters (Helffrich & Wood, 1989) as
where W Mg-Si and W Fe-Si denote the Margules parameter for the MgO-SiO 2 and the FeO-SiO 2 binary systems, respectively. Here MgO-FeO liquid is considered to mix ideally, so the Margules parameter for the MgO-FeO binary system is zero. Assuming linear dependence on temperature and pressure, each Margules parameter can be parameterized as a function of three constants, , thermal expansivity 0 , heat capacity C 0 , its temperature dependence C 1 , and Grüneisen-Anderson parameter 0 . Six additional parameters are employed to describe the mixing of MgO-SiO 2 and FeO-SiO 2 binary systems. These 14 parameters will be determined by Monte Carlo sampling.
Monte Carlo Sampling
In order to constrain the model parameters, we aim to collect an ensemble of parameters that yield acceptable fits to the data using a Monte Carlo approach. We first create a series of randomized data, where ith data point, T i exp , is drawn from the normal distribution with its mean equal to an experimentally determined temperature and the standard deviation of experimental uncertainty, i . The Mersenne Twister (Matsumoto & Nishimura, 1998 ) is used as a pseudorandom number generator. For each randomized data set, best-fit model parameters are calculated, and the results of the optimization are gathered to estimate the mean and covariance of the parameters as follows:
where x i and y i denote the ith Monte Carlo solution of the model parameters x and y, and N the total number of randomized data sets.
The cost function, 2 , quantifies a misfit between model predictions and experimental data, which is minimized using the steepest descent method. The cost function is defined as
where T i calc denotes modeled temperature. The data sets employed in this study are summarized in Table 1 . A similar number of data points is chosen from each experiment to avoid being biased toward a particular experiment. Data are also selected so that pressure intervals between them are roughly the same. For end-member components, data points are added near the core-mantle-boundary pressure by referring to the molecular dynamics simulations (Alfè, 2005; Usui & Tsuchiya, 2010) in order to reduce the uncertainties at high pressure.
Before starting the minimization, all 14 parameters are first normalized on the order of unity. We start the minimization from values chosen randomly from the ranges listed in Table 2 , which are chosen to include previous estimates. The gradient, g k , is then calculated numerically by perturbing each normalized parameter for 10 −3 at each iteration. The normalized parameters, n k , are updated using the recurrence:
where a positive step size k is determined by a golden section search. If necessary, the step size k will be adjusted to satisfy the a priori constraint. A priori constraint is defined for each parameter to ensure that values are physically plausible.
Calculating Melting Temperature
Melting temperatures are calculated based on the Gibbs free-energy minimization method described in Miyazaki and Korenaga (2017) . To make it more computationally efficient, it is here combined with a reaction-based approach, in which we search for a temperature that the chemical potentials of solid and liquid phases are identical. For the melting of a single mineral, chemical potentials of liquid and solid phases are simply compared because the chemical potentials of the reactant and product of melting reactions are equivalent at the melting temperature. For SiO 2 , the solid phase corresponds to stishovite or seifertite and Table 1 , whereas the latter two cases employ the data set excluding chondritic primitive mantle (PM) using two values for the exponent of n in equation (6). Normalizing constants, ranges of initial values, and a priori bounds used in the steepest descent method are listed as well. A = normalizing constants, B = ranges of initial values, and C = a priori bounds. a Boukaré et al. (2015) . b Dingwell et al. (1993) . c de the liquid phase to the melt of SiO 2 . For MgSiO 3 , the solid phase is represented by Mg-bridgmanite, and the liquid phase is described as the mixture of MgO and SiO 2 melts.
For the solidus and liquidus temperatures of a solid solution, we make use of the fact that only an infinitesimal amount of liquid and the solid, respectively, is present. For the MgO-FeO binary system, for example, the following two equations have to be satisfied simultaneously: The sequence of equilibrium phases between the solidus and liquidus, which is calculated using Gibbs free-energy minimization, shows that melt fraction changes continuously from 0 to 1 for mantle compositions ( Figure 1a ). This indicates that the same approach with the binary system can be used to calculate the solidus and liquidus temperatures of our ternary mantle system. At solidus, the solid of bulk composition is in equilibrium with an infinitesimal amount of melt. To calculate the melting temperatures of our ternary mantle system, the following equations are solved simultaneously:
where is the equilibrium compositions of ferropericlase x pe and bridgmanite x br without the presence of melt, which can be solved using the Gibbs free-energy minimization. Instead of solving for the four unknowns simultaneously, equation (17) Whether or not the system melts gradually can be predicted using the Gibbs' phase rule. For example, the MgO-SiO 2 binary system involves three equilibrium phases (bridgmanite, periclase, and melt) at solidus, indicating that it has zero degree of freedom under constant pressure. As a result, either bridgmanite or periclase has to melt completely at the solidus temperature, and the amount of melt increases discontinuously across solidus. On the other hand, our mantle ternary system involves the same number of phases at solidus with the binary system, yet the system includes iron in addition to Mg, Si, and O. This creates an additional degree of freedom, which allows the melt fraction of the system to change gradually.
At the liquidus, the melt will carry the bulk of the total mass, and a trace amount of bridgmanite exists in the solid phase, which is also observed experimentally (Fiquet et al., 2010) . The liquidus temperature can thus be solved using the first equation of (17), which represents the melting reaction of bridgmanite. The fraction of Mg component in bridgmanite x br Mg is set to 1, whereas x l i carries the bulk composition. As bridgmanite may not necessarily be the liquidus phase for some sets of thermodynamic parameters, Gibbs free-energy minimization is conducted at every 100 steps of the steepest descent method to ensure that the considered phases are correct.
Recovery Test With a Synthetic Data Set
We first apply this approach to a synthetic data set to demonstrate its validity. The data set is created to resemble the experiments listed in Table 1 so that the uncertainties of parameters associated with the scarcity of data can be reflected as well. Data points are generated using Gibbs free-energy minimization at similar pressures and compositions with the experiments. We repeat the Monte Carlo sampling until the median and standard deviation of all distributions are reasonably well defined, which is usually achieved by ∼2,000 iterations.
Melting curves calculated from the recovered model parameters show a good agreement with the input data ( Figure 2 ). Uncertainties become larger at higher pressures for all melting curves because of the small number of data, although the solidus temperatures below 40 GPa are also associated with large uncertainties. Because a linear relationship between pressure and the Margules parameters is assumed, the uncertainties in the higher pressure propagate to the lower pressure range. With our approach, the Margules parameters at midmantle pressures are thus determined with the smallest uncertainty in order to minimize the misfit of the entire data set.
All parameters are successfully reproduced within one standard deviation from the mean value (Figure 3) . The a posteriori probability distributions of C 1 and v Mg-Si 0 exhibit small uncertainties compared to the range of physically plausible value, whereas parameters associated with FeO are only loosely constrained. The melting curves can be reproduced within the uncertainties of the measurement even when the mixing reaction between FeO and SiO 2 is exothermic (W Fe-Si 0 > 0), meaning that these parameters have only small contributions to determining the melting temperatures of mantle materials. This can be explained by two factors: (1) the small iron content and (2) the near-complete melting of FeO below the liquidus temperature. The liquidus temperature is determined mostly by the melting of Mg-bridgmanite to MgO and SiO 2 liquids, so their activity coefficients are the key controlling factors. Because of the small iron content, however, these coefficients include only a small contribution from the Margules parameter for the FeO-SiO 2 system (W Fe-Si ).
Therefore, the liquidus temperature becomes insensitive to the mixing parameters between FeO and SiO 2 . The effects of other oxides are also likely to be insignificant if the concentration is small enough and the oxides are completely melted below liquidus. Mg-bridgmanite is indeed observed as the last stable phase in the experiment (Fiquet et al., 2010) , which validates the assumption of neglecting other oxides. When the melting temperature of an oxide is higher than MgO or lower than FeO, however, the last stable phase may not be bridgmanite, and therefore, its effect cannot be ignored. Furthermore, the melt emerging at the solidus contains only a small amount of silica at high pressures (Figure 1b) . When the silica content of melt is negligible (x l SiO 2 ≈ 0), the melting is mostly determined by the mixing between MgO and FeO, so the mixing between FeO and SiO 2 has a minimal effect on the solidus temperature as well.
Although the melting temperatures of mantle compositions are not largely affected by the mixing between FeO and SiO 2 , its effect becomes important when considering a composition enriched in iron, including the liquid phase in the final phase of magma ocean solidification. In order to investigate how the mixing parameters will be constrained with additional experimental data, we generated more data points for the solidus temperatures of FeSiO 3 composition at 30, 50, 70, 90, and 110 GPa. When the same recovery test is conducted with these new data, uncertainties for W (b), (e), and (f). The parameters determined from the inversion on the entire data set listed in Table 1 (dotted) are used to predict the melting curves as well as the ones determined from the inversion using the one excluding chondritic PM (solid). The exponent of n = 1 is assumed in equation (6) (i.e., the heat capacity of SiO 2 increases linearly with temperature) to predict the melting temperature. For SiO 2 , the melting curve assuming n = 0.5 is also shown as well (green).
respectively. Note that its liquidus temperature does not help constrain these parameters, again, because FeO melts completely below liquidus, and stishovite is the last solid phase to remain.
Results
The method to constrain the thermodynamic model parameters is now applied to the data from the melting experiments listed in Table 1 . The melting experiments of MgO and FeO are used to specify the melting temperature T m in equation (2), whereas the rest of the data are used in equation (14) to evaluate the cost function. For the experiments on mantle materials, compositions are first projected to the MgO-FeO-SiO 2 ternary system. As discussed in section 3, the existence of other oxides including Al 2 O 3 and CaO is unlikely to cause a substantial change in melting temperature given that their concentrations are lower than iron.
When our method is applied to the entire data set, the value of normalized cost function (i.e., 2 ∕N data where N data is the number of data points) does not fall below ∼3. This indicates that modeled temperatures are, on average, out of three standard deviations of experimental observations. As seen in Figure 4 , the model predictions deviate significantly from experiments for the melting temperatures of MgSiO 3 , SiO 2 , and the 10.1029/2018JB016932 mantle liquidus at high pressure. Such discrepancy between the model predictions and the experiments may be caused by an insufficient number of model parameters used to describe the liquid, but inversions will likely become more poorly constrained with the current size of the data set if more degrees of freedom are introduced.
Another possible explanation for the discrepancy is inconsistency among experimental data. The observed liquidus temperatures of peridotite and chondritic primitive mantle (PM) differ by ∼800 K, despite having a similar composition. To assess the plausibility of this hypothesis, our method is also applied to the subsets of the data set. We consider two subsets that do not include the experiments on peridotite and chondritic PM. In the former case, the predicted melting temperatures for all materials become even lower to account for low mantle liquidus temperatures. Fit to experimental data does not improve, and the normalized cost function remains above 3. For the data set without chondritic PM, on the other hand, the normalized cost function reaches below ∼0.8, indicating that the experimental data are explained by the model within one standard deviation. Indeed, all data points other than that of MgSiO 3 at 61 GPa are reasonably well explained (Figure 4) .
The estimated means and standard deviations of model parameters are summarized in Table 2 . A set of parameters that can reproduce the entire data within uncertainty is not found, so the one that minimizes the misfit is shown for comparison. The results for the entire data set are in fact in good agreement with those obtained from the one excluding chondritic PM, except for 0 and v . The estimates of these two parameters are nonoverlapping, where smaller values are predicted for the former case compared to the latter. This suggests that these two parameters are chiefly responsible for the difference in the melting temperatures of SiO 2 and the mantle liquidus (Figures 4c, 4e, and 4f) .
The parameter v
Mg-Si 0 controls the degree of nonideal mixing at high pressure and thus creates a difference in the mantle liquidus, whereas the large uncertainties observed in parameters describing the mixing between FeO and SiO 2 have minimal effects on the melting temperatures as discussed in section 3. Among all the mixing parameters, the estimates of W show a good agreement with the values used in Boukaré et al. (2015) , which is compatible with the fact that the mixing at ambient conditions is well constrained. On the other hand, their adopted value of v Mg-Si 0 is smaller than our estimate. The liquidus temperature presented by Boukaré et al. (2015) is lower than our prediction, which is consistent with the relation that smaller v Mg-Si 0 leads to lower liquidus temperature (Figure 4) . When a data set without the experiments on peridotite is used, on the other hand, a negative v Mg-Si 0 is suggested, which results in a even smaller liquidus temperature.
The other key parameter is the thermal expansivity of SiO 2 ( 0 ), which accounts for the difference in melting temperatures of SiO 2 . The estimates on 0 , however, vary significantly among different studies (Hudon et al., 2002; , and our results of ∼ 10 −5 is on the lower end of these estimates. We also tested a different expression for the heat capacity of SiO 2 to exclude the possibility that such difference is caused by the choice of parameterization. The estimate does not change much even when n = 0.5 is assumed in equation (6), indicating that small thermal expansivity is consistent with the current data set.
Discussion

Phase Diagram for the (Mg,Fe)O-SiO 2 System
Phase diagrams for the MgO-SiO 2 and (Mg 0.9 , Fe 0.1 )O-SiO 2 systems based on the best-fit parameters show an eutectic feature ( Figure 5 ). The two different values for the exponent in equation (6) change the eutectic composition only by ∼5% at most, and the overall topology of phase diagrams remains identical. As pressure increases, the eutectic composition becomes more depleted in SiO 2 for both cases, which is more noticeable in the system with FeO, indicating that the liquidus phase for most mantle materials is likely to be bridgmanite for a wide range of SiO 2 content. Recent studies, however, suggest a eutectic melt composition with 38-40 mol% of SiO 2 , and they predict that the composition remains mostly unchanged with pressure (Liebske & Frost, 2012; de Koker et al., 2013; Boukaré et al., 2015) .
To investigate this discrepancy, the dependence of the eutectic composition on thermodynamic parameters has been analyzed by calculating the eutectic for multiple sets of randomized parameters. A strong negative correlation is found between A MgO and the eutectic composition, whereas other parameters show an order of magnitude weaker correlations (Figure 5e ). By lowering the value of A MgO (i.e., larger entropy change upon melting for MgO), a eutectic composition as high as 40 mol% of SiO 2 is indeed achievable while keeping other parameters the same, although the misfit between our compiled data set becomes larger. Most of the misfit increase arises from disagreement with the experiments on (Mg, Fe)O by Deng and Lee (2017;  Figure 5f ), whereas the work of Deng and Lee (2017) has recently been corroborated by others (Fu et al., 2018) . Thus, the low SiO 2 eutectic composition appears to be a natural consequence of the choice of experiments included in our data set.
For the case of (Mg 0.9 , Fe 0.1 )O-SiO 2 , solidus temperatures vary gradually with the SiO 2 content. Peridotite in Table 1 contains 10 mol% more Mg and 9 mol% less Si compared to chondritic PM, and such difference should result in a temperature difference of only ∼150 K. This is consistent with the fact that the solidi of peridotite and chondritic PM show a good agreement with each other. Note that the melt does not completely solidify right beneath the cotectic temperature, and it takes another ∼900 and ∼700 K of cooling for complete solidification at 50 and 100 GPa, respectively (Figure 5d ). The temperature difference between liquidus and solidus observed in chondritic PM data, on the other hand, is less than 500 K, so we suspect that their liquidus temperatures are underestimated.
The measurement of solidus temperatures is generally harder than that of liquidus (e.g., Andrault et al., 2011) , indicating that the uncertainty of solidus measurements may be higher than reported. We thus conducted an additional inversion with a data set excluding solidus measurements. The smallest value of normalized cost function we achieved, however, is larger than 3. Thus, the reported liquidus temperatures for peridotite and chondritic PM, whose SiO 2 contents vary only by 7 wt%, are difficult to reconcile when they differ by more than 500 K. As discussed in section 3, the existence of other oxides is unlikely to affect the melting temperature to such a large extent.
Density Profile
Density profiles calculated using the obtained parameters demonstrate that all liquids are lighter than the corresponding solids for MgO, FeO, SiO 2 , and MgSiO 3 (Figure 6 ). Densities estimated by the molecular dynamics simulations of Alfè (2005) and the equation of state of Mosenfelder et al. (2009) show a good agreement with our results, which are constructed just based on melting experiments. When compared with the density of amorphous SiO 2 (Sato & Funamori, 2008) , however, our results show low densities over the entire pressure range. Because we aim to predict the melting for the pressure range of the entire mantle, our results may not be accurate when a transition in liquid structure occurs. Experiments suggest that amorphous SiO 2 undergoes a structural transition at around 40 GPa (Sato & Funamori, 2008) , indicating that two sets of equation of state are necessary to separately describe density at low and high pressures. A much higher bulk modulus (K = 390 GPa at 50 GPa) suggested by their study can be explained by this as well. More data points are necessary to constrain additional parameters, and we thus plan to incorporate density (Andrault et al., 2012, green) and olivine (Nomura et al., 2011, red) are shown as well. Because K D takes a wide range of value in our model, partition coefficients corresponding to the conditions of Nomura et al. (2011) are also calculated (stars). The compositions of melt in equilibrium with their reported bridgmanite compositions are calculated at the same pressure and temperature conditions, from which the values of K D are obtained. measurements into our data set in our future study and see whether those can be reconciled with measurements on melting temperatures. )) can be as low as 10 −2 at the liquidus. This is because the phase loop of the MgO-FeO binary system shows a distorted shape, indicating that solid coexisting with melt is likely to be highly depleted in iron (Figure 4b ). The nonidealities of MgO-SiO 2 and FeO-SiO 2 systems are not too different, so the shape of phase loop of the Mg-Fe bridgmanite binary system is expected to be similar with that of the MgO-FeO system. Experimental studies, on the other hand, suggest a drastic change in the partition coefficient for both pyrolite and olivine at pressure between 60 and 70 GPa (Nomura et al., 2011; Tateno et al., 2014) , which is possibly explained by iron spin crossover in the melt phase. Because we assume the same set of thermodynamic parameters for the entire pressure range, such a discontinuity is not observed in our model, and as a result, our model may be biased to low values of K D .
Partition Coefficients
Whereas the presence of oxides with low concentrations is unlikely to affect melting temperature (section 3), its influence on element partitioning remains uncertain. An experimental study with a chondritic mantle composition suggests that the presence of aluminum can enhance the incorporation of iron in bridgmanite (Andrault et al., 2012) , although other studies see no difference in partition coefficients between samples with and without aluminum (e.g., Nomura et al., 2011; Tateno et al., 2014) . It has been proposed that the discrepancy may originate in how chemical analysis is conducted (Tateno et al., 2014) . We also note that, in the experiments on Nomura et al. (2011) , the Mg#s of both bridgmanite and melt are higher than the Mg# of the system composition, which indicates that compositional uncertainties are larger than reported. It will be necessary to expand our inverse approach to include data on partitioning experiments, so that we can quantitatively investigate the consistency of different experimental studies by taking into account the uncertainties of experimental measurements.
Outlook
With 14 thermodynamic parameters, our model successfully reproduces the given experimental data except for those of chondritic PM, though some properties of liquid are not precisely determined. For example, the formulation for heat capacity remains unconstrained because both n = 1 and n = 0.5 in equation (6) currently fit the data set equally well. The smallest misfit achieved by n = 0.5 ( 2 ∕N data ∼0.88) is comparable to the case with n = 1 (∼0.81). To further constrain heat capacity, melting data on the midmantle region will be necessary; the predicted melting temperature of SiO 2 differs by up to 500 K in the midmantle region between the two cases ( Figure 4d ). Some molecular dynamics simulations present melting curves consistent with the case of n = 1 (Usui & Tsuchiya, 2010) whereas others close to the case of n =0.5 (Lyzenga et al., 1983; Luo et al., 2002) . If results from molecular dynamics simulations are included in our inversion, its outcome will depend on the choice of simulation studies.
There is also a possibility that the mixing behavior between MgO and FeO is not accurately described. The parameter A MgO close to 1 suggests that entropy change upon melting decreases rapidly with pressure. The predicted value of ΔS at 135 GPa is 2.2 J·K −1 ·mol −1 , whereas 14.9 and 25.1 are proposed by Yoshimoto (2010) and Alfè (2005) , respectively. A similar trend is observed for MgSiO 3 , although other studies report very little change of ΔS with increasing pressure . The low value of our model agrees with the analysis of Deng and Lee (2017) , and the discrepancy with previous studies can be attributed to experiments included in our data set. On the other hand, a negative A FeO indicates that entropy change upon melting increases with pressure, which may be unlikely considering that this can be related to a larger volume change upon melting through the Clausius-Clapeyron relation. Deng and Lee (2017) argued that the usage of a regular solution model can alleviate this problem, but both models equally fit experiments well (Deng & Lee, 2017) , and thus, these two models cannot be distinguished with our current approach using temperature misfit as the only criterion. Also, with the current number of data points, using additional parameters would result in larger uncertainty.
We employed 14 parameters to describe the MgO-FeO-SiO 2 ternary system in this study, yet more parameters are likely to be necessary to accurately describe the complex nature of equation of state (e.g., the nonideal mixing between MgO and FeO and possible phase transformations for SiO 2 and FeO liquids). With Al and Ca, the degree of freedom in a model will be greater, which requires our inverse approach to include more experimental constraints. Our data set is currently limited to those on solidus and liquidus temperatures, but measurements on density (e.g., Luo et al., 2004; Mosenfelder et al., 2007) and on partition coefficients (e.g., Ito et al., 2004; Liebske et al., 2005; Andrault et al., 2012) can be considered by extending our inversion strategy. Also, water is likely to play a crucial role in mantle melting (Andrault et al., 2014; Nomura et al., 2014; Pradhan et al., 2015) , and the effect of water needs to be quantified in future studies.
Conclusion
We have presented a method to obtain a set of internally consistent thermodynamic parameters directly using experimentally determined melting temperatures. We combine the steepest descent method and Monte Carlo sampling to constrain the acceptable ranges of parameters. Our approach can handle multiple experiments with different compositions, and this enables us to make the full use of all experiments that are currently available. This also avoids being biased to a particular set of experiments, which is imperative for a better understanding of the melting of mantle materials. Our inversion scheme can also investigate the consistency of multiple experiments with different materials, and if a disagreement exists, it can be related to a certain set of thermodynamic parameters.
The uncertainty associated with each model parameter can be used to explore possible discrepancy among experiments. When our method is applied to two separate data sets, the obtained parameters are consistent with each other within uncertainty except for the thermal expansivity of SiO 2 ( 0 ) and the excess volume of mixing between MgO and SiO 2 (v
Mg-Si 0
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